Abstract. A signed Roman domination function (simply, a "SRDF") on a graph G = (V, E) is a function f : V (G) → {−1, 1, 2} which satisfies two following conditions: a) For each x ∈ V , xy∈E f (y) ≥ 1. b) Each vertex x with f (x) = −1 has a neighbor y with f (y) = 2. The value f (V ) = x∈V f (x) is called the weight of the function f . The signed Roman domination number of G, denoted by γ sR (G), is the smallest integer k such that G has a SRDF of weight k. In this paper we study and determine the signed Roman domination number of some graphs like wheel, fan, friendship and the Petersen graph.
Introduction
Let G be a simple graph with the vertex set V (G) and the edge set E(G). The order of G is |V (G)|. 
D.
The minimum cardinality of a dominating set of G is the domination number of G and is denoted by γ(G). For example, the domination numbers of the n-vertex complete graph, path, or cycle are given by γ(K n ) = 1, γ(P n ) = ⌈ The domination number can be defined equivalently by means of a function, which can be considered as a characteristic function of a dominating set [5] . A function f : V (G) → {0, 1} is called a dominating function on G if for each vertex x ∈ V (G), y∈N [x] f (y) ≥ 1. The value w(f ) = x∈V (G) f (x) is called the weight of f . Now the domination number of G can be defined as
Analogously, a signed domination function of G is a labeling of the vertices of G with +1 and −1 such that the closed neighborhood of each vertex contains more +1's than −1's. The signed domination number of G is the minimum value of the sum of vertex labels, taken over all signed domination functions of G. This concept is closely related to combinatorial discrepancy theory as shown by Füredi and Mubayi in [3] .
In general, many domination parameters can be defined by combining domination with other graph theoretical properties.
a "SRDF") on the graph G is a function f : V → {−1, 1, 2} which satisfies two following conditions:
The value f (V ) = x∈V f (x) is called the weight of the function f and is denoted by w(f ). The signed Roman domination number of G, γ sR (G), is the minimum weight of a SRDF on G.
These concepts are introduced by Ahangar et al. in [1] . They described the usefulness of these concepts in various applicative areas like "defending the Roman empire", see [9] and [6] for more details. It is obvious that for every graph G of order n we have γ sR (G) ≤ n, because assigning +1 to each vertex yields a SRDF. In [1] Ahangar et al. present various lower and upper bounds on the signed Roman domination number of a graph in terms of it's order and size. Moreover, they characterized all graphs which attain these bounds. They also study the signed Roman domination number of some special bipartite graphs, and the relation between γ sR and some other graphical parameters. It is proved in [1] 
3 ⌋, and that the only n-vertex graph G with γ sR (G) = n is the empty graph K n .
In [8] Sheikholeslami and Volkmann studied these concepts from another point of view as follow.
A set {f 1 , f 2 , ..., f d } of distinct signed Roman dominating functions on G with the property that
The maximum number of functions in a signed Roman dominating family on G is the signed Roman Specially, w(f ) = 2|V 2 | + |V 1 | − |V −1 |. For convenience, we write f = (V −1 , V 1 , V 2 ) and, when S ⊆ V we denote the sumation x∈S f (x) by f (S). In this paper, we provide a lower bound for the signed Roman domination number of regular graphs. Also, we determine the signed Roman domination numbers of some graphs like wheel, fan, friendship and the Petersen graph.
Main Results
At first, we investigate the signed Roman domination number of the Petersen graph which is a 3-regular graph. For this reason we need the following lemma about regular graphs.
Proof. Assume that V (G) = {x 1 , x 2 , ..., x n } and let f be a signed Roman domination function on the
which completes the proof.
Theorem 2.2. The signed Roman domination number of the Petersen graph is given by γ sR (P ) = 5.
Proof. Let f 0 : V (P ) → {−1, 1, 2} be the labeling of the vertices of the Petersen graph which is illustrated in Figure 1 (b). It is easy to check that f 0 is a SRDF on P and hence, Figure 1 . The Petersen graph and a labelling on it.
Now let f = (V −1 , V 1 , V 2 ) be a signed Roman domination function on P of the minimum weight.
We want to show that w(f ) = 5. Since P is a 3-regular graph of order 10, Lemma 2.1 implies that
Each vertex x i ∈ V (P ) has three neighbors, and f (N P [x i ]) ≥ 1. Hence, each vertex x i has at most two neighbors in V −1 , and if
If |V 2 | = 0, then we should have |V −1 | = 0. Hence w(f ) = 10 > 5, which is a contradiction. If and
At first, assume that there exist two adjacent vertices in V −1 . Since P contains no triangle,
Without loss of generality, assume that two adjacent vertices in V −1 . Since P contains no cycle of length 4, u 1 and u 2 are not adjacent and hence they have a common neighbor Recall that the join of two graphs G 1 and G 2 , denoted by G 1 ∨ G 2 , is a graph with vertex set
the fan F n , K 1 ∨ C n is the wheel W n , and the friendship graph F r n , n = 2m + 1, is the graph obtained by joining K 1 to the m disjoint copies of K 2 . For determining the signed Roman domination number of W n , F n and F r n we need the following useful lemma.
Lemma 2.3. If G is a graph with
∆(G) = |V (G)| − 1, then γ sR (G) ≥ 1.
Proof. Let f be a signed Roman domination function on
Theorem 2.4. Let W n = K 1 ∨ C n be a wheel of order n + 1. Then
For the case n = 4 it is not hard to check by inspection that there exists no signed Roman domination function on W 4 of weight 1 while, Figure 3 To complete the proof it is sufficient to provide a signed Roman domination function of weight 1 on W n for each n = 4. For this reason we consider the following different cases.
Such a labeling is illustrated in Figure 3 (b) for n = 5 where, the central vertex is v 0 , top one is v 1 and v 2 is the second vertex when the sense of traversal being clockwise. Note that each vertex in
. Also, it is easy to check that
Thus f is a SRDF on W n of weight w(
Case 2. n is even and n ≡ 0 (mod 3). Define the function f :
Such a labeling is depicted in Figure 4 (a) for n = 12. It is straightforward to check that f is a SRDF on W n of weight 1.
Case 3. n is even and n ≡ 1 (mod 3). Define the function f as
Such a labeling is illustrated in Figure 4 (b) for n = 10. It is not hard to check that f is a SRDF on W n and w(f ) = 1.
Case 4. n is even and n ≡ 2 (mod 3).
Define the function f on V (W n ) as follow.
(2.4) Figure 4 (c) this kind of labeling for n = 8. It is easy to check that f is a SRDF on W n and it's weight is one.
Therefore, in each case we provide a suitable labeling on W n with weight 1. This completes the proof.
The structure of fan F n is very similar to the structure of wheel W n . This similarity helps us to construct suitable signed Roman domination functions on F n .
Theorem 2.5. Let F n = K 1 ∨ P n be a fan of order n + 1. Then
Proof. Assume that V (F n ) = {v 0 , v 1 , v 2 , ..., v n } and
The fan F 2 is a complete graph with tree vertices and hence γ sR (F 2 ) = γ sR (K 3 ) = 2. For the case n = 4 it is not hard to check by inspection that there exists no signed Roman domination function on F 4 of weight 1. Figure 5 (a) and (b) illustrate a SRDF of weight 2 on F 2 and F 4 , respectively. Thus, for n ∈ {2, 4} we have γ sR (F n ) = 2. 
Proof. Assume that V (F r n ) = {x} ∪ {y i , z i : 1 ≤ i ≤ m} and
For example, F r 9 is depicted in Figure 7 Such a labeling is shown in Figure 7 (b) for n = 9. It is easy to check that f is a SRDF on F r n and hence γ sR (F r n ) ≤ 2. Now let g = (V −1 , V 1 , V 2 ) be a signed Roman domination function on F r n of the minimum weight. Note that w(g) = γ sR (F r n ) ≤ 2. If g(y i ) = g(z i ) = −1 for some i, then Figure 7 . The Friendship graph F r 9 and a signed Roman domination labeling of it.
